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Abstract—Two simple cases of laminar flow with simultaneous transfers of mass, momentum, and
energy are studied first in order to obtain insight into the nature of transport phenomena and thermo-
dynamic conditions existing in high-speed boundary layers involving diffusion of a gas added at the
wall. In laminar Couette flow, simplifications are realized as a consequence of the nature of the
boundary conditions, and information concerning the effects of differences in the heat capacities of
the two species and the effects of deviations of Prandtl number, Schmidt number, and Lewis number
from unity are obtained. An exact expression for the reference composition is obtained for the case of
isothermal flow; a linearized expression for the reference temperature is obtained for the case in
which the viscosity is a linear function of temperature and independent of composition. To first order
in blowing rates, the reference composition is the arithmetic average of the compositions at the two
surfaces, whereas the expression for the reference enthalpy is a simple extension of Eckert’s expression
for the reference enthalpy for a laminar boundary-layer with no mass addition at the wall. In laminar
boundary-layer flow with constant properties, simplifications are realized as a consequence of the
fluid properties being constant properties, and information concerning the effects of the two-dimen-
sional character of boundary-layer flow is obtained. The information obtained for these two simple
cases is combined then, and applied to the case of laminar boundary-layer flow with variable fluid
properties. Basing all fluid properties upon the reference state suggested in the Couette flow study,
mass-, momentum-, and energy-transfer rates and recovery factors for fluids with variable fluid
properties, are given as functions of blowing rates for several coolants (including H,, with molecular
weight 2, and I, with molecular weight 254) and for several speeds (up to Ma = 12) by only two
curves to an approximation adequate for many engineering applications. A Reynolds analogy for
boundary-layer flows with mass additions at the wall is found to exist.

NOMENCLATURE Cn, mass-transfer coefficient
By, blowing rat e
i g raj e for momentum transfer (ol — eu)
(cf. Table 3); =
By, blowing rate for energy transfer (cf. (pw)c(cu® — €ao?)
Table 3); ck, mass fraction of component k;
Bn,  blowing rate for mass transfer (cf. c¥’,  dimensionless mass fraction
Table 3); eyt —ck
Cs2, 3} X friction coeflicient = T 35 T e — ok’
Poolhen .
Cps specific heat at constant pressure;
_ ku(@T/0y)w ; di . : — .
Ch, Stanton number = : cp’, imensionless specific heat = cp/cp,, ;
(pucp)e(Tr — Tuw) Co, specific heat at constant volume;
D, diffusion coefficient in Fick’s diffusion
1 Associate Professor of Engineering. law;
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h, specific enthalpy;

k, thermal conductivity;

k’, dimensionless thermal conductivity
= kfkeo;

. k

Le, Lewis numberf = -~

pepD

M, molecular weight;

Ma, Mach number;

P pressure;

Cppt
Pr, Prandt] number = kh;
r, recovery factor = 2C3’i(Tr; f T E’9):
U

R, gas constant;

Re, Reynoids number
== plly 8fu for Couette flow;
= ple X/u for boundary-layer flow;

Se, Schmidt number = i-;

pD
T, temperature;
T, dimensionless temperature
_ 2po (T — T,
= ur

Ty, temperature of wall for case in which
temperature gradient vanishes at
wall;

u, velocity parallel to wall;

u', dimensionless velocity = u/uw;

v, velocity normal to wall;

X, co-ordinate parallel to wall;

v, co-ordinate normal to wall;

¥, dimensionless co-ordinate = y/$;

7 specific-heat ratio == cp/cy;

8, thickness of boundary-layer (in case
of Couette flow, distance between
stationary surface and moving sur-
face);

i, dynamic viscosity coefficient ;

o, density;

, diameter of molecule;

T, viscous stress.

+ Unfortunately, the definition of the Lewis number is
confused in the literature. The definition used here was
used, e.g. by Klinkenberg and Mooy [1] in 1948, Bos-
worth [2] in 1952, Knuth [3] in 1955, Eckert and Drake
[4] in 1959, and Rohsenow and Choi [5] in 1961; the
inverse definition, i.e. Le = pcpD/k, was used, e.g. by
Lees [6] in 1956 and Fay and Riddell [7] in 1958.
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Superscripts
, dimensionless variabie ;

* variable evaluated at reference state;

¢, mixture components (e.g. coolant)
added at wall;

a, mixture components (¢.g. air) other

than those components added at wall.

Subscripts
w, wall (in case of Couette flow, station-
ary surface);

2, free stream (in case of Couetle flow,
moving surface);
0, limiting value of coefficient as blowing

rate approaches zero (cf. Table 2),

INTRODUCTION
CALCULATING exactly the mass-, momentum-,
and energy-transfer rates in high-speed
boundary-layers is complicated by the depend-
ence of the values of the fluid properties on
temperature and composition. Rubesin and
Johnson [8], Young and Janssen [9], Eckert
[10], and Sommer and Short [11] have noted,
however, that the momentum and energy-
transfer rates in boundary-layers without mass
additions at the wall may be described to good
approximation inserting values of properties
corresponding to a reference temperature (or
enthalpy) in the equations developed for fluids
with constant properties (cf. Table 1). Scott [12]
attempted to correlate results of several calcula-
tions for boundary-layers with mass additions
at the wall by supplementing the concept of a
reference temperature by the concept of a refer-
ence composition. He side-stepped the problem
of calculating a reference temperature for the
case with mass additions, however, stating that
“it seems unlikely that the same correlation
equations would apply in the binary boundary-
layer case since the temperature profile character-
istics are changed drastically” and using, for all
flow conditions, property values corresponding
to 1450°F. Using a reference coolant concentra-
tion of 0-4 the coolant concentration at the wall
(the coolant concentration in the free stream
being zero), a fair correlation of most calcula-
tion results was obtained; unexplained large
discrepancies for He-air recovery factors and
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Table 1. Several reference-temperature expressions suggested for boundary-layer
Sflows with no mass additions

Conditions Reference temperature Ref. Author
Laminar 0-58 Ty + 0:42 Too + 0197 ;‘;"’: 8 Rubesin and
Laminar 0S8 T, 070 T + 0147 ;:: ?  Youngand
Lamirar and .50 7,, 1 0-50 Teo + 022 1 ‘% 10 Eckert
Turbulent 0-45 Ty -+ 0-55 To + 020 ;:; 11 Sorrsul?:rrtand

heat-transfer rates were noted, however. Gross
et al. [13], examining essentially the same calcu-
lation results, presented empirical correlations
of the heat-transfer and momentum-transfer
rates in which they evaluated the transfer
coefficients at free-stream conditions and the
blowing parameters at temperatures calculated
using the reference-temperature equation given
by Eckert [10] for the case with no mass addi-
tions. Effects of molecular weight differences
were handled empirically by multiplying the
blowing parameters by the cube root of the ratio
of the air molecular weight to the coolant
molecular weight. The concept of reference
composition was not used. In the present paper,
the physical bases for the concepts of reference
temperatures and reference compositions are
examined, and methods for calculating reference
temperatures and reference compositions for the
case with mass additions at the wall are de-
veloped.

LAMINAR COUETTE FLOW
Insight into the nature of transport phenomena
and thermodynamic conditions existing in high-
speed boundary-layers involving diffusion of a
gas added at the wall is desired. Although a
general description of this system involves
cumbersome mathematics obscuring the physical

situation, a similar system exists whose descrip-
tion involves only relatively simple mathematics
revealing the physical situation. This similar
situation is compressible Couette flow, i.e. flow
characterized by steady parallel relative motion
of two parallel plates containing a viscous
compressible fluid (Fig. 1).

Consider the Couette-flow model character-
ized by the following features:

(1) The velocity of the moving surface, as well
as the temperature and concentrations at this
surface, are uniform and steady, and are speci-
fied.

(2) Heat and mass may pass readily through
the moving surface; a steady force, required to
maintain steady motion, acts on this surface in
the direction of motion.

(3) The momentum flux and the viscous stress
in the direction normal to the two surfaces are
much smaller than the pressure at some reference
plane in the model.

(4) The kinetic energy associated with the
mass-weighted average velocity in the direction
normal to the two surfaces is much smaller than
the enthalpy of the fluid at some reference plane
in the model.

(5) Fick’s diffusion law describes to good
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{b] Boundary-loyer- flow model
Fii. 1. Comparison of {a) with {b}).

approximation the diffusion of the gas added at
the wall relative to the rest of the mixture.}

(6) Body force, Dufour, and Soret effects are
negligible.

(7) The Prandtl, Schmidt, and Lewis numbers
are constants not equal to unity.}

(8) Viscosity of mixture is constant [it follows
from (7) and (8) that the product of density and
diffusion coefficient and the ratio of thermal
conductivity and specific heat are constants].

+ Some confusion exists in the literature concerning
conditions for which Fick’s diffusion law describes
concentration diffusion of one species relative to the
remaining species in a multi-component mixture. It has
been shown [14] that a sufficient condition is that the
several binary diffusion coefficients are equal to each other
and to the diffusion coefficient in Fick’s equation. It is
apparent that, for a binary mixture, Fick’s law describes
concentration diffusion exactly. Note also that, for a
multi-component mixture consisting of two groups of
species, all species of a group having about the samc
molecular weight and about the same mutual cross
section, Fick’s law is not necessarily a good approxima-
tion; the restriction on molecular weights is too strong
whereas the restriction on collision cross section is too
weak. The concentration diffusion of each of these two
groups of species, however, is described to good approxi-
mation by Fick’s equation.

1 The value of the Prandt! number may be computed,
using a model in which the vibrational and rotational
energies are fransferred by self diffusion, from
Pr = yj{1-77 y — 0-45). Hirschfelder [15}] and Kouth
[16] find that this expression describes experimental
results from non-polar gases to good approximation.

(9) Specific heat of gas added at wall and
specific heat of rest of mixture are constants (it
follows that the specific heat of the mixture is a
function of composition only).

This simple model contains the most important
features of a high-speed boundary-layer involv-
ing mass, momentum, and energy transfers with
(a} variable specific heat and thermal conduc-
tivity, and (b) arbitrary Prandtl, Schmidt, and
Lewis numbers.

Conservations of wmass, momentum, and
energy for this model, are described by the
ordinary differential equations

(ptthe o= ~ pD dy i {pthet®

du
T = ]"'dv (PU)‘H'M

LAT) AT ey
d}’ " d}’ T djﬂ o (‘Pt o
- | 2 '\
- {;7( i 7 - }?zsr(’).

(Note that 0-67 Pr , 076) The value of the Schmidt
number may be computed to good approximation for
binary mixtures with small coolant concentrations from

Se = QTSRMEMe - MOP (o + o) 20%
The smaller the ratio M©/M? is, the smaller is the Schnndt
number.
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The first equation states that the mass added at
the wall is transported across an arbitrary plane
by diffusion relative to the mass-weighted
average velocity and by convection at the mass-
weighted average velocity, The second equation
states that the viscous force at the wall equals the
viscous force at an arbitrary plane less the force
required to accelerate the mass added at the
wall to velocity . The last equation states that
the heat conducted into the wall equals the heat
crossing an arbitrary plane plus the work done
at this plane less the total enthalpy absorbed by
the mass added at the wall. In dimensioniess
form,

d C
a)}‘,(l +Bm E,% Cc’) :Bm (I + Bm‘c,— Cc/)

d Cr, . Cy
a};(l +Bf?f u) —Bf(l‘-}*Bf'C,?u)
dr’ dr’ du’?
LA — hante Vs 2l 9
k & k dy Pr & + Bu(cp®T' + u'?).

Integrating the first {two equations, one obtains

w

C
1 4 Bn C"’“

m

¢t = eBm¥’

C
I+ Bf«jﬂ u = By
Cr
which, evaluated at y" = 1, become

C
1+ Bn =5 = ePm

C
I+ Bf'“c,i;' = eBy,

These four equations may be written also

P eBm¥’ — 1
e = “eBm — 1
, eBy' — 1
T oeBr — 1
Cn _ Ba
Cwmcl - eBm — 1
Cr By

Cr, eBr— 1
It is apparent that, for the model being studied,
the blowing rate By, plays the same role in an

analysis of the mass transfer as does the blowing
rate Byin an analysis of the momentum transfer.

A suitable integrating factor for the energy-
conservation equation is,

e~ By’ Cp’ (Bp/By)~1,

Multiplying by this factor, keeping in mind that

k/ — cp/,

Z

e~ Ba¥’ ¢y’ By/By o Bycy® e Ba¥ ¢y BB -1 T

47’

== k dy)

e~BwY' ) BBy -1
w

du’?
— | Pr— — Buu'®) —eBw¥’ ¢/ (By/Bum 1,
dy’ »

Note now that
e’ =0 + (6" — N1 — ¢°)
= cp® + (s — cp )1 — cuf) eBm?’

so that

d d
a;, e~ Bi’ ¢p'BiBm = a?’ (e=Bm¥’ £5")Br B

C pc’
S S
?

= — Brep® e~Br¥’ ¢ BB -1,
Note also that
du? Cr\2 By,
Pr————Byut= |-~ = (e2Bry' — 1).
&y X ( Cfo) 57 (B¢ 1)

Hence the energy-conservation equation may be
written

d(eBW’ /BB T7)
dT’I 1

_ e |l dfem By
=—K w Bnep® d(e~B’ cp'Bi/Bm)

dy’

Cy\2 By
A SN P B Byw BB ~1 dy
(co) gaevarmon e owmasay

Cr\? 1
— —_ ~Bpy' o 'By/B
(Cfo) Bcy® die=b ey ™).
Integrating from the stationary plate to the
moving plate, one obtains finally,

eVBh T(XJ’ = — k, é—?;
dy

—By __p " By/B,,
PP L
w Bh(?pc,




6 ELDON L. KNUTH

which may be arranged into the form

('pc
Bh e
Ch’ — Cpoo
Coo ™ epe \BWEw
0 (>g¥, eBm S |
Cpos

with the recovery factor r given by
Cr 1\?

r=(ct5)
C.fo By

1
X | BpeBn J
0

’

(By/Bp) -1
dy

e CB-Bpy’ ( e
Do,

It is seen that the exact expression for the
Stanton number does not have the form of the
expressions for the mass-transfer coefficient and
the friction coefficient. However, noting that

¢ p
“Bw eBm =14 s (eBm - 1)
Cpo Cpee

expanding in infinite series, and retaining only
linear terms in blowing rates, one may write}

£ ’
Cﬁ” ~ | L Cp

ey o~ L Bp o
Ch‘) - (.'p’"
with
® Cpw + c?’oo
p Ny
ie. to lincar approximation, the product

By, cpt/cp* plays the same role in an analysis of the
heat-transfer rate as do the blowing rates By and
By in analyses of the momentum-~ and mass-
transfer rates.

A closed-form expression for the integral
appearing in the equation for the recovery

+ Use of the reference heat capacity ¢;* at this point
anticipates the linearized expression for reference com-
position derived at a subsequent point.

factor is not apparent to the author. Con-
sequently, for small blowing rates, the several
exponentials are expanded in infinite series to
obtain, after considerable mathematical manipu-
lation,

P e* Gy

3y ¢ .
A e 1+ 1 e By
"0 (’Z)o{) (Cﬂ) ) { l —ll 3 [(ZBf : Bh)

cp®
~ T {(Bn By

Cpy

‘ apt ¥
“+(Br — Bm)- s
CpT gl

R O
N~ M ~ Bt (BB i
»
where only terms up to and including linear
terms in blowing rates are retained. Note that
the recovery factor for the case with mass trans-
fer can be greater than the recovery factor for
the case with no mass transfer.
Note that if either the Lewis number is unity
(By, == By,) or the specific heats of both species
are equal (¢, = ¢p?), then

G B
C’kn - {;[s’!} s i
{1 Cy\*Bu(Br— 1) 2By(eBr ~ 1)
(Bf (wfu ZB/ - Bh ‘

whereas, if the Prandtl and Schmidt numbers are
unity, then
Cy

“2 = Cm == Cp

roe==1

i.e. the Reynolds analogy does hold for Couette
flows with simultaneous transfers of mass,
momentum, and energy provided that the several
coefficients are defined properly.

Reference values of the fluid properties are
desired which give correct values of transport at
the stationary surface for flow with variable
fluid properties when used in equations for flow
with constant fluid properties. In order to obtain
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some insight into the manner in which the refer-
ence composition is to be computed, consider
the equation describing transfer of the species
not added at the wali:

4

de
(P ¢ — pD g =0,

Separating variables and integrating,

C*0 dc“
pD %

ca

(p0)ud = j

Consider now the case of isothermal flow. Then,
to good approximation,

with pD/RT independent of composition. The
molecular weight may be written as a function
of composition by

Mepe

M:Ma+(Mc,

Ma)cﬂ'

Substituting into the integral and carrying out
the indicated integration, one obtains

pD

My
(pU) & == MIn oo

w My

Alternatively, if one sets the molecular weight
equal to a constant, M*, and integrates, then

e M*I

cw

Equating the righi-hand sides of these two
equations,

M* . In Moo/Mw
Me In c%/c%;
Hence, the reference composition is given by
. 1 — Me/M*
et e
1 — Mce/Me
Me In Muo/Mw

T Me_Mein oMo/,

CONSTANT-PROPERTY SOLUTIONS 7

which, to first order in coolant mass fractions,
may be written

o +
2

o A

i.e. the reference composition is given, to first
order, by the average of the compositions at the
two surfaces.

In order to obtain some insight into the
manner in which the reference temperature is to
be computed, consider the equation describing
momentum transfer

Separating variables and integrating,

J,ufdu
0

If one sets the viscosity equal to a constant, u*,
and integrates, then
% 11.
J e
o T

Equating the right-hand sides of these two equa-
tions,

5 = 42

Tw

U pt

Tw

8 =

Since the viscosity is frequently more sensitive
to temperature changes than to composition
changes, and since the purpose of the immediate
calculations is to obtain insight into the concept
of a reference temperature, consider the case in
which the viscosity is a linear function of tem-
perature and independent of composition. Then

= (T
with

lelwdu’
TF=20 T

1
Tw
j —du’
o T



8 ELDON L. KNUTH

An expression for the temperature distribu-
tion is obtained by integrating the energy equa-
tion over the range from the stationary plate to
some surface intermediate to the two plates, the
result being

e—B},y’ Cp, By/B,, T
- 4 ’ 7
_ 13T e o P — cp i
dy’ {w By cp®
Cr 1\? v’
— (EI 7.) [Br| ewmrBovey BB tdy
fo 27, 0
e‘Bk?'Cp'Bk/Bm - pr"BhJ’Bm
S
or
B/
| — B’ ,C}lua 4/ By
, 47 <y’
T = - k "*—-—I e e e ""'"‘""‘"“"7‘ -
dy’ lw Breygt
Cr 1
(‘é"f 5 " B ey~ @imn
ho

y’
J\ e CBrByv’ o (BB -1 dy’
8

By/,
1 o eBh?/'( m) #Bm

4 2

th ¢

Replacing the co-ordinate y” by a function of the
velocity u’

ar
dy’ w

C Pr /e, By/By,
() ()

Bh, Cpc,

Cf 1 Cfu Cfo Pr 'BL/B
(6 5) B[ 1+ 8 G ) armeon
p Bi B 1 du’

%’ Cfu )1—}’7
1+ Bf—u c
j [ ( + C}'
Pr By/By
)

T =—k'

Note that the specific heat also may be written
as a function of the velocity v, i.c.

Cp=cp* -+ (ep - Cp*)

. . 2 el')mU' ‘
sept (et oY) [T 1

Do
s oy

. for ETon

(1 + By —C-ff’- u’}
\ F ]

=ept k(e — ) — 20 e

p* -+ (¢p %) (1 ebn)

Hence, substituting into the expression for

temperature, expanding in series and retaining

only first-order terms in blowing rates, and

integrating, one obtains, after considerable

mathematical manipulation,

-

; ("
*méﬂbkﬂﬂ%bﬁ&;ﬁ

Cp

C?}f,‘ . (,'?9*

4 By o )(Tﬂ e T%‘)
Cp J
o Cp ot ep*
4~ (% e '1‘12;:‘ Bh - 1% Bm S )
y Cp [& P ]

Cpt Trotiee®
@ Ty = [1- s 8 B |

ep*] 26p%
But,
.*uoo2 P¥ rouwi’,
)
2ep ro 2¢p
[ ; N ,
a4l 43 [(Bk — By} -+ (Bp -+ & Bm)
L
('p* ! 2('1)* ’
Hence, substituting into the expression for

reference temperature,

. . U™
T*~§(Tw+ T} + & Fog;
2('51)

Cp° cpt - Cp™ .
SRR (Bn E?‘/*“i' By P P )(Tur o T,

P o
Since

Cp, v'»p" - ('p
LUNEIREEY: N

CI) Cp

[ ('p"" - ('p*
..p‘z ~l— 4 By P
Cp Cp
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one may write alternatively

U2

W~ b (ot o) + E 1o

cpt cpt — cp*
+ % (Bz.«, o 2By ot (hw — ho).
For zero blowing rate,
2

T*(B=0)=%<Tw+fw)+%ro%

which compares favorably with the empirical
reference—temperature equations used for laminar
two-dimensional boundary layers (cf. Table 1).

LAMINAR BOUNDARY-LAYER FLOW WITH
CONSTANT PROPERTIES

Recall that the purpose of the study described
in this paper is to develop methods for calcu-
lating reference states for flows with variable
fluid properties such that engineering calcula-
tions for flows with variable fluid properties
may be made using these reference states and
relations for flows with constant fluid properties.
Hence, relations for constant-property laminar
boundary-layer flows with mass transfer are
required. Furthermore, forms of these relations
which are convenient for use by engineers are

desirable. Consequently, relations for constant-
property flows are discussed briefly here.

A series of curves, indicating, for constant-
property flows, the dependence of recovery
factors, Stanton numbers, friction coefficients,
and wall concenirations on blowing rates,
Prandtl numbers, and Schmidt numbers, are
presented by Scott [12], Figs. 4 and 5. If the
number of curves found in these figures could
be reduced to two (one curve of recovery factor
vs. blowing rates and one curve of transport
rates vs. blowing rates), then use of these results
would be facilitated greatly.

An examination of the equations describing
Couette flows reveals that, for Couette flows
with constant fluid properties, one curve suffices
to describe variations of tramsport rates with
blowing rates provided that one plots C#/Cy, vs.
By, Ciu/Cum, Vs. By, and Cu/Cn, vs. By; retaining
only terms up to and including linear terms in
blowing rates, one curve suffices to describe
variations of recovery factors with blowing rates
provided that one plots r/ry vs. Bn — By. Plots
of transport rates and recovery factors vs.
blowing rates given by Scott are reproduced
here as Figs. 2-4. The co-ordinates used in these
figures are obtained from parameters appearing
in the analysis of Couette flow by making the

3 12

&

é}) B 57 =0-301

° 0 B, =0-904

NS 10

3 ® 5, =506

O

o8 .l.‘i;

2 " =1 also

8 o -G [ vs By

S o6

o Ol

O

N

Q

2 o4

g . o

g $c=03 &

i O5e

?g" o2 0.71\\

= 094 1-1

L | 2y @
.
0 02 o4 086 o8 10 -2 14 -6 I8 20
Blowin te -Sﬂ)i 2 5c084
ing rate, i, T €

F1G. 2, Friction and mass-transfer coefficients for fluids with constant properties as functions
of blowing rates and for several values of Schmidt number.
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12 ]
f
3 |5 =0-602
bﬂf o 0By =1-205
efg, =1-807
P
« 08 — ¥\ e K
1 '.F Pr=1. also [
~Cy /Cr vs B
: o N TG s B ]
e} H
: ]
2
o i |
c 04 i Q ‘ t -
o (o]
5 }t\\
» | ‘
02 - - N S SR L -
[ Pr=0-4 N :
° ;
; | . [e'74 X
l | [ 05| @06 ./o.g. %9
[¢] o2 o4 06 o8 -0 2 L4 6 -8 20
(/o")w 2
B w2 064
Blowing rate, (ol C’o r

Fic. 3. Frictigm coefficient and Stanton number for fluids with constant properties as
functions of blowing rates and for several values of Prandtl number.

" g, 0602
0 o B/= 1205
. ® 5,= |'807
<
NS T
g | 1
° i
2 10— ' ‘ . ¢
g | i l\, » ' (
4 L ol IR !
S f ) J oy |
¢ o8 — o fo— OB =
[ ® 07
! P i 0.6 i
o5 | .‘ , ’
o |_Pr=0-4 % | - _>
i
o i 1 l
2 o8 "06 ~oa ~02 o
Blowing rate, E’;;i;c% (Prosesy
o

FiG. 4. Recovery factor for fluids with constant
properties as function of blowing rate and for several
values of Prandtl number.

substitutions for transfer coefficients indicated in
Table 2. It is seen that, if either blowing rates are
small or Prandtl and Schmidt numbers are near
unity, then the several relations are described
adequately by two curves (one curve for trans-
port rates and one curve for recovery factors).

The fact that the several relations are not
described adequately by only two curves if the
blowing rates are large and the Prandtl and

Table 2. Limits of coefficients as blowing rates vanish for
fuids with constant properties

Couette flow Boundary-layer

flow
Friction coefficient, t 0-332
Crof2 Re VR
Mass-transfer ) 1 ,‘ i 03}2 o
coefficient, Cuy Re Sc Vv (Re) Scorod
Stanton number, l‘ J 9}321 wl )
Chry Re Pr v (Re) Proo
Recover factor, r, Pr v Pr

Note: For Prandtl and Schmidt numbers near unity,
the exponent 0-64 appearing in the limits of the mass-
transfer coefficient and Stanton number describes better
the results of exact calculations than does the exponent
2/3. The exponent 2/3 was suggested first apparently by
Pohlhausen in 1921 [29] to describe results for Prandtl
numbers from 0-6 to 15; his results for Prandtl numbers
from 06 to 1-1 are described better using the exponent
0-64. For a Schmidt number of 0-2 (realized, e.g. for some
He-air and H,-air mixtures), Sc¢*/3 differs from Sc®* by
4 per cent.
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Schmidt numbers deviate appreciably from unity
is an inherent difference between Couette flows
and two-dimensional boundary-layer flows; for
Couette flows, the several transport rates (Cy/Cy,,
Cm/Cm, and Cp/Cp) approach zero only as the
respective blowing rates (By, Bm, and Byp)
approach infinity whereas, for two-dimensional
boundary-layer flows, the several transport rates
all approach zero as the blowing rate By ap-
proaches 1-865. In order to describe adequately
the several relations for boundary-layer flows
using only two curves, the variables suggested
by the analysis of Couette flows must be modi-
fied. These modifications can be made by re-
placing the parameters Cp, Cp, and r, by
parameters which vary with the blowing rate
By, The new parameters must (a) approach
Cum,» Cn, and Pr®® as By approaches zero, (b)
approach Cy,(2, Cy,/2 and unity as the Prandtl
and Schmidt numbers approach unity, and (c)
approach Cy,/2, Cy,/2,and Pr% as By approaches
1-865 (the limiting expressions for the para-
meter replacing r, result from an examination
of Fig. 4 of [12]). The simplest combination
satisfying these conditions is
(Cr/DCom/ (C1, 201 C1'C1™,
(Cro/DICn (Cr,/ D) CrCpm,

and Pri-2-67(C/Cr)= Results for m = 1/6 are
2

CONSTANT-PROPERTY SOLUTIONS 11
presented as Figs. 5-7. In these figures, the
several relations are described, for all blowing
rates and for Prandtl and Schmidt numbers
from 0-5 to 1-5, by only two curves to an
approximation adequate for many engineering
applications.

LAMINAR BOUNDARY-LAYER FLOW WITH
VARIABLE PROPERTIES

In the preceding parts of this paper, two simple
cases of laminar flow with simultaneous transfers
of mass, momentum and energy are discussed.
In the first case (laminar Couette flow), simpli-
fications are realized as a consequence of the
nature of the boundary conditions, and informa-
tion concerning the effects of differences in the
heat capacities of the two species and the effects
of deviations of Prandtl number, Schmidt
number, and Lewis number from unity are ob-
tained. In the second case (laminar boundary-
layer flow with constant properties), simpli-
fications are realized as a consequence of the fluid
properties being constant properties, and inform-
ation concerning the effects of the two-dimen-
sional character of boundary-layer flow are
obtained. In this part, the information obtained
in the preceding parts is combined, and applied
to the case of laminar boundary-layer flow with
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variable fluid properties, in an effort to provide
a simplified correlation of results for this flow
to an approximation adequate for many engineer-
ing applications.

Experimental mass-transfer data sufficiently
extensive for use in the proposed correlation is
difficult to obtain; results of several exact
calculations of binary laminar boundary-layer
flows are available in the literature. Furthermore,
it is believed that for laminar flows, a correlation
of results of exact calculations would be just as
meaningful as a correlation of experimental
resulis. Hence, only results of available exact
calculations are examined here.

Results of exact calculations by Baron [17]
for He-air and COy-air, by Eckert, Schoeider,
Hayday, and Larson [18] for H,~air, by Sziklas
[19] for ‘Hy-air, He-air, and H,O-air, and by
Gross [13 and 20] for l,-air are presented as
Figs. 8-11. Co-ordinates arc the same as used
in Figs. 2 and 3 for fluids with constant proper-
ties; fluid properties are based on free-stream
conditions. Large deviations from the curves for
constant fluid properties are noted.

The parameters used eventually in the
description of these boundary-layer flows arc
compared in Table 3 with the corresponding
parameters for Couette flow. The expressions
for reference enthalpy 4*, reference temperature
T*, and reference concentration ¢#* developed
for Couette flow, are used essentially unchanged
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Table 3. Comparison of parameters

15
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for all cases, even though the linear approxima-
tion

c* & 0-5(eyt -1 Cat)

would be adequate for all coolants examined
except H, and 1,. The blowing-rate parameters
B/*, Bp*, and B,*, all ordinates, and the abscissae
for the momentum-transfer and mass-transfer
correlations are changed only in accordance
with the results of the correlation of constant-
property flows. Betier energy-transfer and
recovery-factor correlations are obtained, how-
ever, if one replaces the abscissae

I e b
By¥ -+ B "
('7;"'
and
4 -y B
Byt Bi* + (By* -+ § Bp®) l’_& ;kf’
p
respectively by
. I O
By* - 06 Byp* o
v
and
Cpt - Cp,
Bi¥ — Bt o+ (Bi* + b By T
Yz

These two abscissae changes are accepted as
empirical results.

In a correlation of heat-transfer rates using
the concept of a reference state, the value of the
recovery lemperature (or enthalpy) used in
the Stanton number must be consistent with
the reference state, i.e. the proper valuc of the
rccovery temperature is that value which would
be obtained for a constant-property fluid with
properties corresponding to the reference state.
The recovery temperature obtained for variable-
property fluids is to be used only in the Stanton
number for Ty, = T,; the reference state for
T, # Ty is not, in general, the same as the
reference state for T3, == Tr. Hence, of the heat-
transfer calculation results presented by Eckert
et al. [18], only those results for T, -- T, are
used here.t
7 7’r Examining the results of Eckert ef al. [18]for T\, ~ T5,
it was discovered that the curve for 7. = 6Ty and
May - 12 in Fig. 10 had been shifted inadvertantly to-

ward the left-hand side of the figure. An examination of
the calculation results presented in Table 2 of [21]

Correlations obtained wusing the afore-
mentioned reference states and parameters are
presented as Figs. 12-15. Note that the curve
drawn in Fig. 15 joins smoothly with the curve
drawn m Fig. 7. Transfer rates and recovery
factors for fluids with variable properties arc
given now as functions of blowing rates for
several coolants and several speeds (¢f. Table 4)
by only two curves to an approximation adequate
for many engineering applications.

USE OF REFERENCE-STATE CONCEPT IN
OTHER FLOW MODELS

The usefulness of the concept of a reference
state in correlations of transfer rates and recovery
factors for laminar flows along flat plates with
mass additions has been demonstrated. How
useful would this concept be in attempts to
correlate results for other flow models?

For laminar flows over cones with mass
additions at the wall, it is believed that the
coneept of a reference state would be useful
cqually as for laminar flows over flat plates.
For flows without mass additions at the wall, no
difficultics were encountered in the application
of the reference~temperature equation obtained
for flows over flat plates to the case of flows over
cones {22].

Also for laminar flows with pressure gradients
and mass transfer, no difficulties are expected in
the application of the reference-state equations
developed here. For flows without mass transfer
Romig [23] applied successfully the reference-
enthalpy cquation obtained for flows over flat
plates to the case of stagnation-point heat trans-
fer in hypersonic flow., whereas Eckert and
Tewtik [24] used successfully the same equation
in descriptions of heat-transfer distributions for
hemisphere-cylinder bodies and flat-nosed plates
in dissociated air. Gross ef al. [13]. examining
revealed that the absciséé range for this curve should be
(using nomenclature of [18]) 01 <7 W, < 0-8 rather
than 0 < W, <2 0:6. (This error is retained apparently
in Fig. 12 of [I3].) Also, recalculating the Schmidt
numbers presented in Fig. | of [18] and [21], it is con-
cluded that the free-stream Schmidt number is approxi-
mately 0-197 rather than 0-221 as implied in the afore-
mentioned figure. The courtesy of Dr. J. F. Gross, of the
RAND Corporation, in lending his copy of {21] to the
author after other attempts to obtain a copy had failed.
1s appreciated greatly.
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calculations by Hayday [25] for planc stagna-
tion flow with addition of a foreign gas at the
wall, conclude that their empirical reference-
temperature molecular-weight correlations, ob-
tained from examinations of calculations for
flows over flat plates, may be used for flows with
pressure gradients to predict heat-transfer rates
for fluids with variable properties from results
for fluids with constant properties.

Eckert [10] found that, for flows without mass
additions at the wall, the reference-temperature
expression used for laminar flows correlated
successfully also the results for turbulent flows.
Hence, one might be encouraged to attempt to
correlate also results for turbulent flows with
mass transfers using the reference-state expres-
sions developed here for laminar flows. However,
since the present state of knowledge of turbulent
flows with mass transfer is such that one would
question the value of any reference-state ex-
pressions obtained examining analytical results,
one is led to examine experimental results. A
search of the available literature reveals that
reliable data for turbulent flows are scarce; a
correlation of the available useful data (heat-
transfer rates for nitrogen injected into air) is to
be presented in a separate communication.
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Table 4. Key to Figs. 8-15

Symbol Coolant  M9/M¢ cpoofcp®0 Preo SCos Lexwy May Ref. Author

X H, 14-5 13-8 073 0197  0-303 12 18 Eckert, et al.
+ H, 14-3 142 0-70 0195 0279 3 19 Sziklas

[} He 7-24 510 073 0230 0315 — 17 Baron

¢ He 7-25 518 0-70 0211 0-302 3 19 Sziklas

AN CO, 0-66 1-00 073 1-04 1-42 — 17 Baron

\V/ H,0 1-61 1-85 070 0-666 0951 6 19 Sziklas

o) I, 0114  — — 1463 — — 13,20 Gross

Notes: 1. Results by Eckert ez al. and Sziklas are for case in which free-stream temperature is 392°R
and wall temperature is recovery temperature. Results by Baron and Gross are independent of tempera-
ture (and Mach number).

2. Main-stream gas is air.

3. Soret (thermal-diffusion) and Dufour (diffusion-thermo) effects are neglected. Baron [26] has
shown that these effects are important in some cases. The author believes that, as soon as a sufficient
number of either experimental results or exact calculations including these effects are available, an

19

attempt to extend the use of reference states to include these cases would be worthwhile.

For the case in which chemical reactions occur,
the fact that information concerning temperature
and concentration distributions is essential to
the use of the concept of a reference state com-
plicates the application of this concept. This
information is available readily only in simple
cases, e.g. the case in which the chemical reac-
tion rates are fast, so that the reaction rate is
controlled by the mass-diffusion rates and the
reaction occurs in a flame sheet [27]. The applica-
tion of the concept of a reference state to this
simple case has been examined; situations in
which the chemical reactions occur chiefly near
the wall or near the outer edge of the boundary-
layer have been discussed briefly [28]; arbitrary
locations of the flame sheet are to be discussed in
a separate communication,

CONCLUSIONS

From examinations of the results of the
analysis of laminar Couette flows with mass
transfer and the results of exact calculations for
laminar boundary-layer flows with mass trans-
fer, the following conclusions are drawn:

(1) The reference composition appropriate
for use in relations developed for fluids with

constant properties must be calculated, in
general, using

. Ma ln M(x)/Mw
= M@ — M¢in catMa)c® My

ca*

The linearized expression
ct* = %(ch + Cooc)

may be used only for low blowing rates or small
molecular-weight differences.

(2) The reference temperature appropriate for
use in relations developed for fluids with constant
properties may be calculated using either

uw2

T~ 05 (Tt To) + 02170 5

_ %
+01 [Bh* + (B + By P ]
P
(Tio — Too)
or
umﬁ

B 2 0°5 (o - o) + 02 1% 5-

¥
+ 01 [Bh*+(Bh* “ZBm*) Cp° Cp ]

(b — o)
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the latter equation to be used for cases in which
variations of the heat capacities with temperature
are significant. These expressions are simple
extensions of Eckert’s expression for the refer-
ence enthalpy for a boundary-layer with no mass
addition at the wall.

(3) The analogies between mass, momentum,
and energy transfers are brought out clearly if
one uses a mass-transfer coefficient proportional
to the mass transferred by diffusion only. i.c.
(pth(1 —- ¢yf), rather than proportional to the
total mass transferred, i.e. (pv),..

(4) The appropriate blowing parameters for
use in correlations of the several transfer rates
and the recovery factors for boundary-layer
flows are indicated by results of the analysis of
Couette flows. The blowing parameters for mass,
momentum, and energy transfers include, as
factors, the reciprocals of the mass-transfer
coefficient, the friction coefficient and the
Stanton number, all evaluated at zero blowing
rate. The blowing parameter used in the correla-
tion of recovery factors is a function of the
several blowing parameters used in the correla-
tions of the several transfer rates.

(5) The exponent 0-64 appearing in the
Reynolds-analogy expressions

. Cp
Cy == o ppo-6a
Cy l
Cm” - 20 6*(.0.(;4

describes better available results of exact calcula-
tions than does the exponent 2/3 used frequently.
For a Schmidt number of 0-2, Sc?3 differs from
Sc%% by 4 per cent.

(6) For constant property fluids, for all blow-
ing rates, and for Prandtl and Schmidt numbers
from 0:5 to 1-5, the several relations between the
transfer rates, the recovery factor, and the
several blowing rates are described by only two
curves to an approximation adequate for many
engineering applications if one replaces the
exponent 0-64 appearing in the Reynolds analogy
expressions for zero blowing rate by 0-64
[esv/(Re)]0-6641V6. This modification may be
neglected either for small blowing rates or for
Prandtl and Schmidt numbers close to unity.

(7) Using the reference states and parameters

mentioned in conclusions (1-6) transfer rates
and recovery factors for fluids with variable
properties are given as functions of blowing
rates for several coolants and several speeds by
only two curves to an approximation adequate
for many engineering applications. The curve
for transfer rates is described to good approxi-
mation by the linear expression

v { EAS

for abscissa values less than unity and by the
quadratic expression

ool aE

for all abscissa values. The curve for recovery
factors is described to good approximation by
yoob e b
for the range of abscissa values examined.
{8) A Reynolds analogy for boundary-layer

flows with mass additions at the wall does exist.
It may be written:

if Pr* . Sc*

e
o o Cp* Cpt

fand if ¢ - ¢t then

and  #* i,

Note that if Pr* == Se* . 1 and if ¢ = ¢, then
the abscissas of Figs. 1214 are equal and the
abscissa of Figs. 15 may have only the value
zero.
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Résumé-—Deux cas simples d’écoulement laminaire avec transports simultanés de masse, de quantité
de mouvement et d’énergie sont étudiés de fagon a avoir un apergu de la nature du phénoméne de
transport et des conditions thermodynamiques existant dans les couches limites 3 grande vitesse com-
portant la diffusion d’un gaz injecté a la paroi.

Dans I’écoulement de Couette laminaire, on peut faire des simplifications par suite de 1a nature des
conditions aux limites et on peut obtenir des informations concernant les effets des différences de
chaleurs spécifiques des deux espéces et les effets des variations, a partir de ’unité, des nombres de
Prandtl, Schmidt et Lewis. Une expression exacte pour la composition de référence est obtenue dans le
cas d’un écoulement isotherme; une expression linéaire de la temperature de référence est obtenue dans
le cas ou la viscosité est une fonction linéaire de la température et est indépendante de la composition.
En premicre approximation, la composition de référence est la moyenne arithmétique des composi-
tions aux limites tandis que l'expression de I'enthalpie de référence est une simple extension de
Pexpression d’Eckert de I’enthalpie de référence pour une couche limite laminaire lorsqu’il n’y a pas
d’injection a la paroi. Dans I’écoulement laminaire 4 propriétés constantes, le fait que le fluide est a
propriétés constantes apporte certaines simplifications et permet d’obtenir des renseignements sur les
effets a caractére bidimensionnel de I’écoulement dans la couche limite. On peut alors combiner les
renseignements obtenus dans ces deux cas simples et les appliquer au cas de ’écoulement de couche
limite laminaire pour un fluide & propriétés variables. En basant toutes les propriétés du fluide sur
I’état de référence suggéré dans I'étude de I’écoulement de Couette les coefficients de transport, de masse,
d’énergie et de quantité de mouvement, et les facteurs thermiques pariétaux de fluides a propriétés
variables, sont donnés en fonction des débits injectés de plusieurs refroidisseurs (y compris Ha, poids
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moléculaire 2, et I; poids moléculaire 254) et pour différentes vitesses (jusqu'a Ma == 12) uniquement
par deux courbes, avec une précision suffisante pour les applications techniques. On a trouvé que
Panalogie de Reynolds existait pour les écoulements de couche limite laminaire avec injection & la paroi.

Zusammenfassung—Zwei einfache Fille der Laminarstromung bei gleichzeitigem Stotf-, Impuls- und
Energietransport wurden untersucht, um einen Einblick zu erhalten in die Natur der Transportphino-
mene und thermodynamischen Bedingungen ciner Hochgeschwindigkeitsgrenzschicht mit Diffusion
eines an der Wand zugefithrten Gases, Fiir die laminare Couettestromung ergeben sich Vereinfachungen
aus der Natur der Grenzbedingungen und man erhilt Aussagen iiber den Einfluss unterschiedlicher
Wirmekapazititen beider Medien und der Abweichungen der Prandtl-, Schmidt- und Lewiszahl von
Eins. Ein exakter Ausdruck fiir die Bezugszusammensetzung lsst sich fiir isotherme Strémung erhalten
ein linearisierter Ausdruck fiir die Bezugstemperatur ergibt sich, wenn die Viskositit ecine lineaire
Funktion der Temperatur und unabhingig von der Zusammensetzung ist. In erster Niherung gilt fiir
den Ausblasestrom als Bezugszusammensetzung das arithmetische Mittel der Zusammensetzungen an
den beiden Oberfliachen, wihrend die Bezugsenthalpie eine einfache Erweiterung des Fckertschen
Ausdruckes fiir die Bezugsenthalpie der laminaren Grenzschicht ohne Stoffzugabe an der Wand
darstellt. Fiir die laminare Grenzschichtstromung mit konstanten Eigenschaften sind Vereinfachungen
infolge dieser Konstanz méglich und es ergeben sich Aufschlilsse iiber den Einfluss des zweidimension-
alen Charakters der Grenzschichtstrdmung. Die aus den beiden einfachen Fillen erhaltenen Informa-
tionen wurden kombiniert und auf die laminare Grenzschichtstromung mit verdnderlichen Flissig-
keitseigenschaften angewandt. Bezieht man alle Flussigkeitseigenschaften auf die in der Untersuchung
der Couettestrdmung vorgeschlagenen Bezugsgrisssen, ergeben sich Stoff-, Impuls- und Energietrans-
portgeschwindigkeiten und der Riickgewinnfaktor fiir Fliissigkeiten verinderlicher Eigenschaften als
Funktion der Transportwerte, Flr verschiedene Kithimittel {einschliesslich Hp, Molekulargewicht 2
und Iy, Molekulargewicht 254) und fiir verschiedene Geschwindigkeiten (bis Ma = 12) liessen sich dic
Abhidngigkeiten in nur zwei Diagrammen angeben, dic fiir viele ingenieurmissige Anwendungen
angemessene Naherungen darstellen. Eine Reynoldsanalogie fiir Grenzschichtstromungen mit Stoff-
zugabe liess sich aufzeigen.

ABHOTRNHA—PACMOTPEHBL 1B HPOCTELX CIYUAH SAMHHAPIOTO HOTOKA PR OAHORPEMCILION
TIEPEHOCE MACCHl, MOMCHTA ¥ DHEPIUH, HPEKEe BOCrO, ¢ HEALI0 BHACHENUS CVIIIOCPH MeXi-
HUBM& fBJEHIH LEPeHoCca M TePMOMHANMKM BLICOKOCKOPOCTHOTO MOTPAMINIONe 408 npn
audOysuu Tasa, MOAABAEMOr0 HA CTCHRY. YNPOWEHUR [LIH JaMunapuoro revcuns Kysrra
PACCMATPUBAIOTCA KAaK PeBYALTAT caMoll HpHpoint rpaununmx  yeaosuit. Tpusopsres
TaHHBC O BIMAHAN PABHOCTH TEIUIOEMKOCTeH ABYX o0pajsioB M OTKIOHEHWH 0T CEIuIL
yncen Muugra, Mpamgras o Jdbonca. Tlodyueno TouHoe BHPUREUHE HEXOLOI0 COCTABI
JSTA MBOTEPMUYECKOTO HOTORA, & TAWHKE [HIeHH0e BLPUHeNe LI HEXO IO TeMIePATY Ph
AR CHLYMAf, KOPAA BABKOCTDL CCTL JUIHelHA Gy UKILEA TeMNepaTy P, He3aBHCHIAA 0T Co-
crasa. Qs HeGOoIBNIAN CROPOUTEI BV A HCXODTLIEL CoUTUR TIDRINNACTCS Kals cpeaneapud
METHUCCKO® COCTABOBR HA ABYX HOBEDPXHOCGTAX, it BHPIGHULHe HCSOAnell surtaivuni san
npoctoe 0000menne QOPMYIET DFRELPPA BT HOFPAIMIROUO CHOS UPU OPCYTOTHHE HOZAHI
Macehl., I ynpomenus Bagatu IaMIHapIoro HOrPAHITHION GAOS CBOTCTBA MIKOCTI Ui
HUMAIOTCH TTOCTOAHHBIMN. LIOJIyueHn Naube LT JBYXMCPUOR 3ajaui. 3aTeM Janibie bt
DTIX EBYX NMPOCTHIX CIYyUaes O0LEIMLAIOTCA N HPIMCHEIOTEA ST JTaMUEAIIOre JOrPaluy-
HOTO CJOA MRMIKOCTH € IePeMeHHHMU cROBeTBaMI. TIpRMenssn HeXOTHOC HOJTOMEHEE TeUeH U s
KysTra, mipn BCeX CBOHCTE MILIKOCTCI, CRODOCTH HEPEHOCA MACCHI, DIIEPIHE U MOMEHTA, i
TAK/KE FIBJIGHWS BOCCTRHOBIAECHHA JAIOTCH Rak (YHHIMH CROPOCTEll BAYBA HOCKOIBRUX
oxaagurenel (Biomodan Hy ¢ monexysnpnuin secos 2 u ke ¢ Mozerysspuny secon 254) i
HECKOJBKUX cropocTell (o Ma = 12) » Bupe (uyx wpunmx. Takaa annporenyama yotns
A MHOTHX MIBKEHePHBIX Hpuaokeunil. Olmapymena anaaorns Peitnoas;ea gias norpa-
THYHOLO C105T ¢ TOAelt MAcehl 114 eTeke.



